Abstract. Wigner gave a well-known proof of Kramers degeneracy, for time reversal invariant systems containing an odd number of halfinteger spin particles. But Wigner's proof relies on the assumption that the Hamiltonian has an eigenvector, and thus does not apply to many quantum systems of physical interest. This note illustrates an algebraic way to talk about Kramers degeneracy that does not appeal to eigenvectors, and provides a derivation of Kramers degeneracy in this more general context.
Introduction
Wigner's derivation of Kramers degeneracy [10] , for time reversal invariant systems with an odd number of half-integer spin particles, has become standard repertoire in recent studies of the phenomenon [1, 3, 4, 5, 6, 8] . But Wigner's derivation assumes that the self-adjoint operator generating the dynamics (henceforth, the Hamiltonian) has at least one eigenvector. Mathematicians have long known that there are Hamiltonians of physical interest that do not have any eigenvectors. A closed linear operator H has an eigenvector if the subspace of non-zero vectors ψ such that (H − λ)ψ = 0 for some constant λ is not empty. When the entire spectrum of H can be expressed as values of λ in such an equation, H is said to have a pure point spectrum. But the subspace can also be empty, in which case H has no eigenvectors, and is said to have a purely continuous spectrum. For example, in the Hilbert space L 2 (R) of square integrable functions ψ(x) : R → C, the multiplication operator Qψ(x) := xψ(x) has no eigenvectors. Neither does the operator H = P 2 + Q in the same space, where
This note illustrates a way to talk about Kramers degeneracy without eigenvectors, and provides a derivation of Kramers degeneracy in this more general context. The next section recapitulates Wigner's derivation of Kramers degeneracy. Section 3 introduces an algebraic generalization of degeneracy, which applies to all self-adjoint operators regardless of whether or not they admit an eigenvector. Section 4 then provides a derivation of Kramers degeneracy in this more general context. Like Wigner's derivation, our proof relies the premise that time reversal satisfies T 2 = −I. For completeness, the scope of that premise is discussed in Section 5.
Wigner's proof of Kramers degeneracy
A self-adjoint operator with a pure point spectrum is degenerate if it has two orthogonal eigenvectors with the same eigenvalue. Wigner [10] gave the following proof that this happens whenever a fermion, or any other system in which the time reversal operator satisfies T 2 = −1, happens to be time reversal invariant. Proposition 1 (Wigner) . Let H be a Hilbert space. Let H be a linear self-adjoint operator with a non-empty point spectrum. Let T : H → H be an antiunitary bijection. If T 2 = −I (fermion condition) and [T, H] = 0 (T -invariance), then H has two orthogonal eigenvectors with the same eigenvalue (degeneracy).
Proof. Since H has a non-empty point spectrum, there exists an eigenvector ψ with a real eigenvalue λ such that Hψ = λψ. Let ψ ′ = T ψ. By Tinvariance, Hψ ′ = HT ψ = T Hψ = λT ψ = λψ ′ . The eigenvectors ψ and ψ ′ thus share the same eigenvalue λ. They are moreover orthogonal, since
where the first equality follows from the fact that T is antiunitary, and the second from the fermion condition. Therefore, ψ, T ψ = 0.
Note that both Wigner's characterization of degeneracy, as well as his proof, rely on the existence of an eigenvector for the Hamiltonian.
Algebraic definition of degeneracy
There is a natural generalization of degeneracy to operators that do not have a pure point spectrum, which is algebraic in character. If an operator A is degenerate in the sense of having two orthogonal eigenvectors with the same eigenvalue λ, then the set of vectors ψ for which (1) (A − λI)ψ = 0 forms a subspace of dimension at least 2. More generally, the dimension of this subspace will be equal to the number of orthogonal eigenvectors satisfying Equation (1), called the multiplicity of λ. So, A is non-degenerate if and only if all its eigenvalues have multiplicity 1. To generalize this concept, let {A} ′ be the commutant of A, meaning the set of bounded linear operators that commute with A. Let {A} ′′ be the double-commutant of A, meaning the set of closed linear operators that commute with all the elements of {A} ′ . These sets are related to the previous notion of degeneracy by the following fact. For self-adjoint operators with a pure point spectrum, non-degeneracy is thus equivalent to the condition that {A} ′ = {A} ′′ . But the latter condition, unlike the multiplicity of an eigenvalue of A, is well-defined even when A has no eigenvectors.
Kramers degeneracy without eigenvectors
The statement {A} ′ = {A} ′′ generalizes the usual notion of non-degeneracy; thus, the statement {A} ′ = {A} ′′ generalizes the notion of degeneracy. This allows for the following more general derivation of Kramers degeneracy for time reversal invariant systems with an odd number of half-integer spin particles. Proof. We show that the supposition {H} ′ = {H} ′′ leads to a contradiction. Let K be the conjugation operator in the H basis 1 . Since T is antiunitary, there exists a unitary operator U such that T = U K. By T -invariance,
where the last line applies the fact that [K, H] = 0. This implies U H −HU = 0. So, U is a bounded linear operator that commutes with H, and hence U ∈ {H} ′ . Our hypothesis {H} ′ = {H} ′′ now implies that U ∈ {H} ′′ . By von Neumann's double-commutant theorem, it follows that we can write U = f (H) for some function in the weak closure of H. But U is unitary, and so can be expressed as U = e iS for some self-adjoint operator S [2, Proposition 5.3.8]. Combining these two facts, we have that U = e ig(H) , where g(H) = S is self-adjoint, and is thus a real-valued function. But for real-valued g, [g(H), K] = 0, and so KU K −1 = e Kig(H)K = e −ig(H)K 2 = U * (where we have applied the fact that K 2 = I in the last equality). Therefore,
This contradicts the fermion condition.
1 The conjugation operator in the H basis is defined as follows. Let ψ(x) be a square integrable function in the spectral representation of H. Then K is the unique bijection such that T ψ(x) = ψ * (x) for all ψ(x). It follows that K is antiunitary, K 2 = I, and [K, H] = 0. See [7, §XV.6 ] for an introduction.
Discussion of the T 2 = −I premise
The assumption that T 2 = −I is a generic feature of any system satisfying the Pauli spin relations for an odd number of particles. Here we will illustrate the derivation for a single particle system; the generalization to more complex systems is straightforward.
Let
be the generators of the (irreducible) Pauli representation. The time reversal operator T for such a system may be assumed to have the following properties.
(1) T is antiunitary. This is a feature of time reversal in any context, first pointed out by Wigner [9] . (2) T is an involution, T 2 = e iθ I. This captures what it means for T to be a "reversal": apply it twice, and you get back to where you started up to a phase factor e iθ . (3) T reverses angular momentum. Since each σ i represents a kind of angular momentum, they each reverse sign under time reversal. This can be viewed as stemming from the fact that the σ i are generators of a rotation group R θ = e iθ·σ . Insofar as time reversal does not pick out any preferred direction with respect to this group, one may assume that T commutes with R θ . But T is antiunitary, and if an antiunitary operator T commutes with R θ = e iθ·σ , then it must anti commute with the generator σ.
These properties of the time reversal operator imply the following. Proof. DefineT := σ 2 K, and let T be any involution that reverses the sign of σ i for each i = 1, 2, 3. Then,
T T commutes with all the generators of the representation, and so it commutes with everything. But the Pauli representation is irreducible, soT T = −kI for some k ∈ C by Schur's lemma [2, Theorem 6.7.1]. Multiplying on the left by −T and recalling thatT 2 = −I,
This T is an involution, so there is a c ∈ C unit such that cI = T 2 = (kT )(kT ) = kk * T 2 = −kk * . But −kk * is real and negative for any complex constant k, and the only complex unit that is real and negative is c = −1. Thus, c = −1, and so kk * = −c = 1. This implies that k is a complex unit and T 2 = −I.
Note that the particular choice of representation adopted here is immaterial, since such irreducible representations of the Pauli relations are unitarily equivalent.
